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On Generalized Hadamard Matrices and
Difference Matrices: Z6
Bradley W. Brock∗, Robert Compton†, Warwick de Launey‡
and Jennifer Seberry§
October 26, 2015
We give some very interesting matrices which are orthogonal over groups
and, as far as we know, referenced, but in fact undocumented. This note is
not intended to be published but available for archival reasons.
Keywords: Difference Matrices, Generalised/Generalized Hadamard Matrices; Bhaskar
Rao Designs, Orthogonal Matrices; Cretan Matrices; Butson-Hadamard Matrices; 05B20.
1 Introduction
(Caution: please note Jennifer Seberry has tried but been unable to contact the persons
named as co-authors. Apolgogies for half finished results.) We note that the literature
on this subject is very disorganized. Authors have not read the literature on their own
key-words and papers thus ignored, on the other hand papers have been claimed to be
published which have not. We have put together this note to make them accessible to
all.
We do not give examples of all the literature but point to references which may help.
This work is compiled from journal work of the authors from old pieces of paper.
We first note that the matrices we study here have elements from groups, abelian and
non-abelian, and may be written in additive or multiplicative notation. The matrices
may have real elements, elements ∈ {1,−1}, elements ∣n∣ ≤ 1, elements ∈ {1, i, i2 = −1},
elements ∈ {1, i,−1,−i, i2 = −1}, integer elements ∈ {a + ib, i2 = −1}, nth roots of unity,
the quaternions {1 and i, j, k, i2 = j2 = k2 = −1, ijk = −1}, (a + ib) + j(c + id), a, b, c, d,
integer and i, j, k quaternions or otherwise as specified.
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We use the notations B⊺ for the transpose of G, BH for the group transpose, BC for
the complwx conjugate of B⊺ and BV for the quaternion conjugate transpose.
In all of these matrices the inner product of distinct rows a and b is a - b or a.b−1
depending on whether the group is written in additive or multiplicative form.
LEXICON 1
1. classical orthogonality: H =
⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣
1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
⎤⎥⎥⎥⎥⎥⎥⎥⎦
; HH⊺ = 4I4.
2. group orthogonality:
G =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1
1 a b ab
1 b ab a
1 ab a b
⎤⎥⎥⎥⎥⎥⎥⎥⎦
; GGH = (group)I4 = (Z2 ×Z2)I
orthogonality is because the inner product of distinct rows is the whole group the
same number of times. The inner product is {gi1g−1j1 , . . . , ging−1jn}
GGH = 5Z4I20
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 2 2 2 4 4 4 4 1 1 1 1 3 3 3 3
0 0 0 0 3 3 3 3 1 1 1 1 4 4 4 4 2 2 2 2
0 0 0 0 4 4 4 4 3 3 3 3 2 2 2 2 1 1 1 1
0 2 3 4 3 4 0 1 4 0 1 2 0 1 2 3 1 2 3 4
0 2 3 4 4 1 3 0 0 2 4 1 1 3 0 2 2 4 1 3
0 2 3 4 0 3 1 4 1 4 2 0 2 0 3 1 3 1 4 2
0 2 3 4 1 0 4 3 2 1 0 4 3 2 1 0 4 3 2 1
0 4 1 3 4 0 1 2 1 3 0 2 3 1 4 2 0 4 3 2
0 4 1 3 0 2 4 1 0 1 2 3 4 3 2 1 4 2 0 3
0 4 1 3 1 4 2 0 3 2 1 0 1 2 3 4 3 0 2 4
0 4 1 3 2 1 0 4 2 0 3 1 2 4 1 3 2 3 4 0
0 1 4 2 0 1 2 3 3 1 4 2 0 4 3 2 4 1 3 0
0 1 4 2 1 3 0 2 4 3 2 1 4 2 0 3 3 4 0 1
0 1 4 2 2 0 3 1 1 2 3 4 3 0 2 4 1 0 4 3
0 1 4 2 3 2 1 0 2 1 4 3 2 3 4 0 0 3 1 4
0 3 2 1 1 2 3 4 0 4 3 2 4 1 3 0 2 0 3 1
0 3 2 1 2 4 1 3 4 2 0 3 3 4 0 1 3 2 1 0
0 3 2 1 3 1 4 2 3 0 2 4 1 0 4 3 0 1 2 3
0 3 2 1 4 3 2 1 2 3 4 0 0 3 1 4 1 3 0 2
Example of GH(20,Z4).
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3. Butson orthogonality: [AB1962, WCRN2007]
U =
⎡⎢⎢⎢⎢⎢⎣
1 1 1
1 ω ω2
1 ω2 ω
⎤⎥⎥⎥⎥⎥⎦
; BBC = 3I3, w
3 = 1, 1 +w +w2 = 0
orthogonality depends on the fact that the n nth roots of unity add to zero.
4. complex orthogonality (A):
A = [1 1
i −i
] ; BBC = 2I2,
orthogonality is independent of the internal elements.
5. complex orthogonality (B):
B = [i 1
1 i
] ; BBH = 2I2,
BH is B transposed complex conjugate.
6. quaternion orthogonality: [SFAWW]
V = [1 k
i j
] ; V V Q = ZI2, iQ = −i.
i, j, k are quaternions.
LEXICON 2 is an orthogonal matrix of order n with entries 1, -1. [WSW]
1. A Cretan matrix [JSNB2015b] is an orthogonal matrix with entries ≤ 1. They
are also referred to in the literature as Fermat, Hadamard, Mersenne, Euler, Bele-
vitch and conference matrices.
2. A difference matrix [DJ1980] of size v × b has entries from a group. The inner
product a ⋅ b−1 of any pair of distinct rows is a constant number of each of the
elements of the group.
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 0 0 0
0 0 1 2 2 1
0 1 0 1 2 2
0 2 1 0 1 2
0 2 2 1 0 1
0 1 2 2 1 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
is a GH(6,Z3) difference matrix
3. A generalized/generalized Hadamard matrix [AB1962, AB1963] is v × v
difference matrix.
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4. A symmetric balanced incomplete block design: SBIBD[] is the incidence
matrix of a (v, k,λ)-design or (v, k,λ)-configuration (Ryser [Ryser]): it is a v × v
matrix with entries 0, 1, where 1 occurs k times in each row and column and the
inner product of any distinct pairs of rows and columns is λ.
5. A balanced incomplete block design: BIBD[JRSMY1992,WSW] A BIBD,(v, k, r, k, λ)-design is v × b matrix with entries 0, 1, where 1 occurs r times in each
row and k times in each column and the inner product of any distinct pairs of rows
is λ.
6. A Bhaskar Rao Design[WD1989] design has entries from a group and zero so
that the inner product a ⋅b of any pair of distinct rows is a constant number of each
of the elements of the group. The underlying design where the group elements are
replaced by 1 is the incidence matrix of an BIBD or balanced incomplete block
design.
7. Butson-Hadamard Matrices [AB1962, AB1963] are generalized Hadamard
matrices where the group is the nth roots of unity.
8. Quaternion orthogonal matrices [SFAWW] are generalized Hadamard matri-
ces where the group is the quaternions.
1.1 Other Constructions
Warwick de Launey’s research featured multiple articles on generalized Hadamard ma-
trices [WD1983,WD1984b,WD1986a,WD1987b,WD1989,WDL1992], articles
with Ed Dawson [WDLED1992,WDLED1994], Charles J. Colbourn [CCWDL1996],
Rob Craigen [RCWDL2009].
Other authors who have multiple articles include Jennifer Seberry [JRS1979b, JRS1980a,
JRS1986] and with Geramita [AGJS1979], Yamada [JRSMY1992], W.D. Wallis and
Anne Street [WSW], and Balonin [JSNB2015b]. Ferenc Szo¨llo˝si [FS2010b, FS2011a,
FS2012a, FS2012b] and with Lampio and O¨stergard [PLFSPO2012], Matolcsi [MMFS2007].
Gennian Ge [GG2005] and with Miao and Sun [GGYM2010]. Dieter Jungnickel
[DJ1980] and with Grams [DJGG1986].
For other constructions and additional reading see: Aydın and Altay [CABA2013],
Camp and Nicoara [WCRN2007], Colbourn and Kreher [CCDK1996], Dawson [JED1985],
Delsarte and Goethals [PDJG1969], Drake [DD1979], Egiazaryan [KE1984], Evans
[AE1987], Hadamard [JH1893], Harada, Lam, Munemasa and Tonchev [MHCL2010],
Hayden [JH1997], Hiramine [YH2014] and with Suetake [YHCS2013], Horadam
[KH2000], Karlsson [BK2009, BK2011], Lampio and ’´Osterga˙rd [PLPO2011], Liu
[ZL1977], Sharma and Sookoo [BSNS2010], Shrikhande [SS1964], Deborah Street
[DS1979], Todorov [DT2012], Winterhof [AW2000], and Zhang [YZ2010] and with
Duan, Lu, and Zheng [YZLD2002].
Another useful reference is La-Jolla
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2 A Summary of Known Generalized Hadamard Matrices over
GH(n;Z6)
Table 1: Table of Existence of GH(n;Z6) 2 ≤ n ≤ 52
n Comment n Comment n Comment
2 H(2;Z2) exists 19 ? 36 H(36;Z2) exists
3 GH(3;Z3) exists 20 10 × 2 37 ?
4 H(4;Z2) exists 21 GH(7;Z3) (3.1) 38 ?
5 NE 22 ? 39 ?
6 GH(6;Z3) exists 23 NE 40 10 × 4
7 GH(7;Z6) (3.1) 24 H(24;Z2) exists 41 NE
8 H(8;Z2) exists 25 ? 42 7 × 6
9 3 × 3 26 ? 43 ?
10 GH(10;Z3) (3.2) 27 3 × 3 × 3 44 H(44;Z2) exists
11 NE 28 H(28;Z2) exists 45 NE
12 H(12;Z2) exists 29 NE 46 ?
13 NE 30 10 × 3 47 NE
14 7 × 2 31 ? 48 H(48;Z2) exists
15 NE 32 H(32;Z2) exists 49 7 × 7
16 H(12;Z2) exists 33 NE 50 ?
17 NE 34 GW (17,16,15;Z3) exists 51 ?
18 3 × 3 × 2 35 NE 52 H(52;Z2) exists
3 Some unpublished interesting matrices
3.1 Matrix GH(7;Z6)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 1 1 1 1 1 1
1 −ω ω ω ω2 1 1
1 ω −ω ω 1 ω2 1
1 ω ω −ω 1 1 ω2
1 ω2 1 1 −ω ω ω
1 1 ω2 1 ω −ω ω
1 1 1 ω2 ω ω −ω
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 1 1 1 1 1 1
1 −ω 1 ω ω2 ω 1
1 1 −ω 1 ω ω2 ω
1 ω 1 −ω 1 ω ω2
1 ω2 ω 1 −ω 1 ω
1 ω ω2 ω 1 −ω 1
1 1 ω ω2 ω 1 −ω
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
3.2 Matrix GH(10;Z6)
Let X, Y , Z, W be the 5 × 5 circulant matrices with first rows:
−1, ω, ω2, ω2, ω
1, ω2, ω, ω, ω2
1, ω, ω2, ω2, ω
1, −ω2, −ω2, −ω, −ω2
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Then
[X Y
W Z
]
is a GH(10;Z6).
3.3 Circulant matrices
1. First rows of GH(20;Z4) from 4 circulant matrices
ab b e e e, b a e e a, e ab e e b, ab a e e a.
2. Let C = GW (17,16;Z3) then the following is a GH(34;Z6)
[ I +C I −C
I −C∗ −I −C∗]
3. First rows of GH(28;Z4) from 4 circulant matrices
e a a ab a ab ab , e b b ab b ab ab ,
e a a b a b b , e ab b ab a a b .
4. Brock’s vectors of length 7 - these work but a second example was corrupted. Gives
GH(21;Z3).
1121121 0012210 1012210
0012210 0100001 2012210
1012210 2012210 2220022
5. Brock’s vectors of length 13 - How much works? Part of GH(39;Z3). [AB1962,
AB1963, WCRN2007, RCWDL2009]
1200020020002 0011202202110 1011202202110
0011202202110 0222121121222 2011202202110
1011202202110 2011202202110 2100111111001
6. Let C0, C1, C2 be the cubic residues classes of 13 then with e, ω, ω
2 the elements
of Z3 the first row for 13 is
eI + ω2C0 + eC1 + eC2 , eI + eC0 + ωC1 + ω2C2 , ωI + eC0 + ωC1 + ω2C2 .
hence if {q, s, t} = {a, b, ab} from Z2 ×Z2 all
D(e, q, s, t)D(e, q, s, t)⊺ = 2e + 2a + 2b + 2ab
Cubic residues of 13 C0 = {1,5,8,12} C1 = {2,3,10,11} C2 = {4,6,7,9}.
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C0 +C0 = C1 + 2C2 + 4I
C0 +C1 = C0 + 2C1 +C2 = C1 +CO
C0 +C2 = 2CO +C1 +C2 = C2 +CO
So Brock’s 3 × 13 matrix is
ωI + ω2C0 + eC1 + eC2 eI + eC0 + ωC1 + ω2C2 ωI + eC0 + ω2C2
eI + ω2C0 + ω2C1 + ω2C2 eI + eC0 + ωC1 + ω2C2 ω2I + eC0 + ωC1 + ω2C2
ωI + eC0 + ωC1 + ω2C2 ω2I + eC0 + ωC1 + ω2C2 ω2I + ωC0 + ωC1 + ωC2
Other Strange Squares
1.
circ(∗,1,−,1,0,−,−, 1, 1, 1, 0, 1,0)
is orthogonal if ’*’ is ignored.
2.
circ(0, a, e, ab,0, e, e, ab2 , a, ab2,0, ab,0)
is the GW (13,9,6;S3).
3. Let C = GW (17,16;Z3) then the following is a GH(34;Z6)
[ I +C I −C
I −C∗ −I −C∗]
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